クウカン キョウカイ ガ ビショウ ヘンケイ シタ パイプナイ ノ センケイ ハドウ ホウテイシキ ニ タイスル セツドウホウ ト ソノ オウヨウ キカガクテキ リキガクケイ リロン ト ソノ シュウヘン by 後藤, 振一郎
Title空間境界が微小変形したパイプ内の線形波動方程式に対する摂動法とその応用 (幾何学的力学系理論とその周辺)
Author(s)後藤, 振一郎








Physics Department, Lancaster University, Lancaster, LAl 4YB, UK.
1




*English title: “Perturbative analysis for linear equations in curved pipes.” Essential results of this article
have been reported in J. Phys. $A$ :Math.Theor. 42, 445205 (2009).
1692 2010 202-223 202
( )







$g=e^{1}\otimes e^{1}+e^{2}\otimes e^{2}+e^{3}\otimes e^{3}$ , (1)
$\{e^{1},$ $e^{2},$ $e^{3}\}$ $\mathcal{U}$
$z$
2 $\mathcal{D}$ 3 2
#1 $:=e^{1}\wedge e^{2}\wedge e^{3}$ , $\# 1\wedge:=e^{1}\wedge e^{2}$ ,





$\# e^{1}=e^{2}\wedge e^{3}$ , $\# e^{2}=e^{3}\wedge e^{1}$ , $\# e^{3}=e^{1}\wedge e^{2}$ ,
$\#(e^{1}\wedge e^{2})=e^{3}$ , $\#(e^{2}\wedge e^{3})=e^{1}$ , $\#(e^{3}\wedge e^{1})=e^{2}$ , $\#(e^{1}\wedge e^{2}\wedge e^{3})=1$ .
$\# e^{1}=e^{2}\wedge$ , $\# e^{2}=-e^{1}\wedge$ , $\#(e^{1}\wedge\wedge e^{2})=1$ .
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$r(z, x_{1}, x_{2})=C(z)+x_{1}n(z)+x_{2}b(z)$ ,
$n$ $b$ $x_{1}$ $x_{2}$
$a$ $x_{1}=r\cos\theta,$ $x_{2}=rs$ ] $n\theta,$ $(0\leq r\leq a, 0\leq\theta<2\pi)$
$t:=dC(z)/dz$ $C$ 3 $t,$ $n,$ $b$ $F$
$\frac{d}{dz}C=t$ , $\frac{d}{dz}t=\kappa n$ , $\frac{d}{dz}n=-\kappa t+\tau b$ , $\frac{d}{dz}b=-\tau n$ ,
$\tau(z)$ $\tau(z)=0$ $r$
$\delta r$ $=$ $\delta(C(z)+x_{1}n(z)+x_{2}b(z))$
$=$ $C’\delta z+\{n\delta x_{1}+x_{1}\delta n\}+\{b\delta x_{2}+x_{2}\delta b\}$
$=$ $t\delta z+\{n\delta x_{1}+x_{1}(-\kappa t+\tau b)\delta z\}+\{b\delta x_{2}+x_{2}(-\tau n)\delta z\}$ ,
$t,$ $n,$ $b$
$\delta r=n(\delta x_{1}-x_{2}\tau\delta z)+b(\delta x_{2}+x_{1}\tau\delta z)+t(1-\kappa x_{1})\delta z$ ,
$t,$ $n,$ $b$ 3
$\delta r\cdot\delta r=(\delta x_{1}-x_{2}\tau\delta z)^{2}+(\delta x_{2}+x_{1}\tau\delta z)^{2}+\{(1-\kappa x_{1})\delta z\}^{2}$,
$\tau(z)=0$. $\{ e^{1}=d_{X} e^{2}=dy, e^{3}=(1-\epsilon\kappa 0(z)x)dz \}$ .




$\# d\# d$ , (2)
$d$ : $\Gamma\Lambda^{p}\mathcal{U}arrow\Gamma\Lambda^{p+1}\mathcal{U}$ $x,$ $y,$ $z$ , $t$
$d$ $f(t,$ $x,$ $y,$ $z)$ $F$
$df(t, x, y, z)= \frac{\partial f}{\partial x}dx+\frac{\partial f}{\partial y}dy+\frac{\partial f}{\partial z}dz$ ,
2 :
$\# d\# d\wedge\wedge$ .
.
3 $f(t,$ $x,$ $y,$ $z)$ $\circ$
$\# d\# df=\frac{1}{1-\kappa(z)x}\frac{\partial}{\partial x}\{(1-\kappa(z)x)\frac{\partial f}{\partial x}\}+\frac{\partial^{2}f}{\partial y^{2}}+\frac{1}{1-\kappa(z)x}\frac{\partial}{\partial z}\{\frac{1}{1-\kappa(z)x}\frac{\partial f}{\partial z}\}$ .
’ $z$ $\kappa(z)arrow 0$
$\triangle^{(0)}f=(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}}+\frac{\partial^{2}}{\partial z^{2}})f$. (3)
2 $h(t, x, y)$ $\epsilon$
$\# d\# dh\wedge\wedge=\frac{\partial^{2}h}{\partial x^{2}}+\frac{\partial^{2}h}{\partial y^{2}}$ .
.
3 $f(t,$ $r,$ $\theta,$ $z)$ $\circ$
$\# d\# d=\{\frac{1}{(1-\kappa(z)r\cos\theta)^{2}}\frac{\partial^{2}}{\partial z^{2}}+\frac{\kappa’(z)r\cos\theta}{(1-\kappa(z)r\cos\theta)^{3}}\frac{\partial}{\partial z}\}f$
$+ \{\frac{\partial^{2}}{\partial r^{2}}+\frac{\partial}{r\partial r}-\frac{\kappa(z)\cos\theta}{1-\kappa(z)r\cos\theta}\frac{\partial}{\partial r}\}f+\{\frac{\partial^{2}}{r^{2}\partial\theta^{2}}+\frac{\kappa(z)\sin\theta}{r(1-\kappa(z)r\cos\theta)}\frac{\partial}{\partial\theta}\}f$,
$\kappa(z)arrow 0$
$\triangle^{(0)}f=(\frac{\partial^{2}}{\partial z^{2}}+\frac{\partial^{2}}{\partial r^{2}}+\frac{\partial}{r\partial r}+\frac{1}{r^{2}}\frac{\partial^{2}}{\partial\theta^{2}})f$ . (4)
2 $h(t,$ $r,$ $\theta)$ $\epsilon$




$\partial \mathcal{U}$ $\partial \mathcal{D}$
. $1i$ $($ $\partial \mathcal{U}$ $x=-L_{x}2, L_{x}/2, y=-L_{y}2, L_{y}/2, z=0, L_{z})$
2
$\mathcal{D}:=\{$ $(x, y)$ $|$ $- \frac{L_{x}}{2}\leq x\leq\frac{L_{x}}{2}$ , $- \frac{L_{y}}{2}\leq y\leq\frac{L_{y}}{2}$ $\}$ ,
$\mathcal{D}$ 2
$\# d\# dS_{N}(x, y)=-\mathcal{B}_{N}^{2}S_{N}(x, y)\wedge\wedge$ .
$\circ$
$S_{N}(x, y)|_{\partial \mathcal{D}}=0$ $S_{N}$ $\mathcal{B}_{N}$
$S_{N}(x, y)= \sin(\frac{\pi n_{x}}{L_{x}}x+\frac{\pi n_{x}}{2})\sin(\frac{\pi n_{y}}{L_{y}}y+\frac{\pi n_{y}}{2})$ , $\mathcal{B}_{N}^{2}=(\frac{\pi n_{x}}{L_{x}})^{2}+(\frac{\pi n_{y}}{L_{y}})^{2}$ .
$N:=(n_{x}, n_{y}),$ $n_{x}=1,2,$ $\cdots,$ $n_{y}=1,2,$ $\cdots$ $\delta_{a,b}$
$\int_{\mathcal{D}}S_{N}(x, y)S_{N’}(x, y)\# 1\wedge=(\frac{L_{x}L_{y}}{2^{2}})\delta_{N,N’}$ . $\delta_{N,N’}:=\delta_{n_{x},n_{x}’}\delta_{n_{y},n_{y}^{l}}$ . (5)
3 $S_{N,n_{z}}(x, y, z)|_{\partial \mathcal{U}}=0$
:
$\triangle^{(0)}S_{N,n_{z}}(x, y, z)$ $=$ $- \{\mathcal{B}_{N}^{2}+(\frac{\pi n_{z}}{L})^{2}\}S_{N,n_{z}}(x, y, z)$,
$S_{N,n_{z}}(x, y, z)$ $=$ $S_{N}(x, y) \sin(\frac{\pi n_{z}}{L_{z}}z)$ ,
$n_{z}=1,2,$ $\ldots$ $S_{N,n_{z}}$ $\mu$
$( \triangle^{(0)}+\mu^{2})S_{N,n_{z}}(x, y, z)=-\{\mathcal{B}_{N}^{2}+(\frac{\pi n_{z}}{L_{z}})^{2}+\mu^{2}\}S_{N,n_{z}}(x, y, z)$. (6)
. $($ $\partial \mathcal{U}$ $r=a, z=0, L)$
2
$\mathcal{D}:=$ $\{ (r, \theta) | 0\leq r\leq a, 0\leq\theta<2\pi \}$ ,
$\mathcal{D}$ 2
$\# d\# d\Phi_{N}(r, \theta)=-\beta_{N}^{2}\Phi_{N}(r, \theta)\wedge\wedge$ ,
206
$\Phi_{N}(r, \theta)|_{\partial \mathcal{D}}=0$ $\Psi(r, \theta)$ $\beta_{N}$
$\Phi_{N}(r, \theta)=J_{n}(\frac{x_{q(n)}}{a}r)e^{in\theta}$ , $\beta_{N}=\frac{x_{q(n)}}{a}$ , $J_{n}(x_{q(n)})=0$ ,
$N=\{n, q(n)\},$ $n=0,$ $\pm 1,$ $\pm 2,$ $\ldots,$ $q=1,2,$ $\ldots,$ $J_{n}$ $n$ $x_{q(n)}$
$J_{n}$ q-ffi $(J_{n}(x_{q}(n)=0))$
$\int_{\mathcal{D}}\overline{\Phi_{M}}\Phi_{N^{\wedge}}\# 1=\mathcal{N}_{N}^{2}\delta_{N,M}$ . (7)
$N=\{n, q(n)\},$ $M=\{m,p(m)\}$
$\mathcal{N}_{N}^{2}=\pi a^{2}J_{n+1}^{2}(x_{q(n)})$ , $\delta_{N,M}:=\delta_{n,m}\delta_{q,p}$ .
3 $\varphi_{N,\eta}|_{\partial \mathcal{U}}=0$
$\eta=1,2,$ $\ldots$ :
$\triangle^{(0)}\varphi_{N,\eta}(z, r, \theta)=-\{\beta_{N}^{2}+(\frac{\eta\pi}{L})^{2}\}\varphi_{N,\eta}(z, r, \theta)$ , $\varphi_{N,\eta}(z, r, \theta)=\Phi_{N}(r, \theta)\sin(\frac{\eta\pi}{L}z)$ .
$\varphi_{N,\eta}$ $\mu$ :
$( \triangle^{(0)}+\mu^{2})\varphi_{N,\eta}(z, r, \theta)=-\{\beta_{N}^{2}+(\frac{\eta\pi}{L})^{2}+\mu^{2}\}\varphi_{N,\eta}(z, r, \theta)$ . (8)
3 [2]
$\{\frac{1}{c^{2}}\frac{\partial^{2}}{\partial t^{2}}-\# d\# d+\mu^{2}\}\phi(\epsilon, t, x, y, z)=0$ , (9)
\S 2 $c,$ $\mu$ $\epsilon$
$\kappa(z)=\epsilon\kappa_{0}(z)$
$\phi(\epsilon, t, x, y, z)\in \mathbb{C}$
$-\infty\leq t\leq\infty$ , $- \frac{L_{x}}{2}\leq x\leq\frac{L_{x}}{2}$ , $- \frac{L_{y}}{2}\leq y\leq\frac{L_{y}}{2}$ , $0\leq z\leq L_{z}$ .
$\partial \mathcal{U}$
$\emptyset(\epsilon,t,x, y, z)|_{\partial \mathcal{U}}=0$. (10)
(9) $\epsilon$
$\phi$ $\phi=\phi^{(0)}+\epsilon\phi^{(1)}+\mathcal{O}(\epsilon^{2})$
$\phi(\epsilon, t, x, y, z)=\sum_{\check{N}}S_{\overline{N}}(x,y, z)A_{\overline{N}}(\epsilon, t)$
, $A_{\overline{N}}( \epsilon, t)=A_{\overline{N}}^{(0)}(t)+\epsilon A^{()}\frac{1}{N}(t)+\mathcal{O}(\epsilon^{2})$, (11)
$\check{N}:=(N, n_{z})$ $S_{\overline{N}}lh$ \S 22.1
$\phi(\epsilon,t, x, y, z)$ $=$ $\phi^{(0)}(t, x, y, z)+\epsilon\phi^{(1)}(t, x, y, z)+\mathcal{O}(\epsilon^{2})$,
$\phi^{(j)}(t, x, y, z)$ $;=$
$\sum_{\check{N}}S_{\check{N}}(x, y, z)A_{\overline{N}}^{(j)}(t)$








$A_{\overline{N}}^{(j)}(t)= \frac{2^{3}}{L_{x}L_{y}L_{z}}\int_{-L_{x}’ 2}^{L_{x}/2}dx\int_{-L_{y}/2}^{L_{y}/2}dy\int_{0}^{Lz}dzS_{\overline{N}}(x, y, z)\phi^{(j)}(t, x, y, z)$ . (12)
3.1
$\epsilon=0$
$\{\frac{1}{c^{2}}\frac{\partial^{2}}{\partial t^{2}}-\triangle^{(0)}+\mu^{2}\}\phi^{(0)}(t, x, y, z)=0$, (13)
$\triangle^{(0)}$ (3) (6) (12) $A_{\check{N}}^{(0)}$
$\ddot{A}_{\check{N}}^{(0)}+\Omega_{\overline{N}}^{2}A_{\overline{N}}^{(0)}=0$ , $\Omega_{\check{N}}:=c\sqrt{(\frac{n_{x}\pi}{L_{x}})^{2}+(\frac{n_{y}\pi}{L_{y}})^{2}+(\frac{n_{z}\pi}{L_{z}})^{2}+\mu^{2}}$ ,
$\circ$
$t$ $A_{\overline{N}}^{(0,\pm)}\in \mathbb{C}$
$A_{\overline{N}}^{(0)}(t)=A_{\overline{N}}^{(0,-)}e^{-i\zeta l_{\overline{N}}t}+A_{\overline{N}}^{(0,+)}e^{i\Omega_{\check{N}}t}$ . (14)
3.2 1
$\epsilon$ 1





$\delta_{n_{y},n_{y}’}=\frac{2}{L_{y}}\int_{-L_{y}/2}^{L_{y}/2}dy\sin(\frac{\pi n_{y}}{L_{y}}y+\frac{\pi n_{y}}{2})\sin(\frac{\pi n_{y}’}{L_{y}}y+\frac{\pi n_{y}’}{2})$ ,
$F_{\check{N},\check{N}}^{(1)}$ ,
$F_{\overline{N},\overline{N}’}^{(1)};=-c^{2} \langle x\rangle_{S_{nx},S_{n_{x}’}}^{(x)}\{2(\frac{\pi n_{z}’}{L_{z}})^{2}\langle\kappa_{0}\rangle_{S_{n_{z}},S_{n_{z}’}}^{(z)}-\frac{\pi n_{z}}{L_{z}}\langle\kappa_{0}’\rangle_{S_{n_{z}},C_{n_{z}’}}^{(z)}\}$ . $\in \mathbb{R}$
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$f$ $x,$ $z$
$\langle f\rangle_{S_{nx},S_{n_{x}’}}^{(x)}$ $:=$ $\frac{2}{L_{x}}\int_{-L_{x}/2}^{L_{T}’ 2}dxf(x, z)\sin(\frac{\pi n_{x}}{L_{x}}x+\frac{\pi n_{x}}{2})\sin(\frac{\pi n_{x}’}{L_{x}}x+\frac{\pi n_{x}’}{2})$ , (16)
$\langle f\rangle_{S_{n_{z}},S_{n_{z}’}}^{(z)}$ $.=$ $\frac{2}{L_{z}}\int_{0}^{L_{z}}dzf(x, z)\sin(\frac{\pi n_{z}}{L_{z}}z)\sin(\frac{\pi n_{z}’}{L_{z}}z)$ , (17)
$\langle f\rangle_{S_{n},C_{n_{z}’}}^{(z)_{z}}$ $.=$ $\frac{2}{L_{z}}\int_{0}^{L_{z}}dzf(x, z)\sin(\frac{\pi n_{z}}{L_{z}}z)\cos(\frac{\pi n_{z}’}{L_{z}}z)$ . (18)
















$A_{\overline{N}}^{(pol,\pm)}(t);=A_{\overline{N}}^{(0,\pm)}+ \epsilon t\sum_{\overline{N}’}\delta_{n_{y},n_{y}’}R_{\overline{N},\overline{N}’}\frac{F_{\overline{N},\check{N}’}^{(1)}}{\pm 2i\Omega_{\check{N}’}}A_{\overline{N}}^{(0,\pm)}$ . (21)




$A_{\overline{N}}^{(pol,\pm)}(t+\tau)$ $=$ $A_{\overline{N}}^{(pol,\pm)}(t)+ \epsilon\tau\sum_{\overline{N}’}\delta_{n_{y},r\iota_{y}’}R_{\overline{N},\overline{N}’}\frac{F_{\overline{N},\check{N}’}^{(1)}}{\pm 2i\Omega_{\check{N}’}}A_{\overline{N}’}^{(0,\pm)}$
$=$ $A_{\overline{N}}^{(pol,\pm)}(t)+ \epsilon\tau\sum_{\overline{N}’}\delta_{n_{y},n_{y}’}R_{\overline{N}.\overline{N}’}\frac{F_{\overline{N},\overline{N}’}^{(1)}}{\pm 2i\Omega_{\overline{N}’}}A_{\overline{N}’}^{(pol,\pm)}(t)+\mathcal{O}(\epsilon^{2})$ , (22)
$A_{\check{N}}^{(pol,\pm)}(t)=A_{\check{N}}^{(0,\pm)}+\mathcal{O}(\epsilon)$ $A_{\overline{N}}^{(pol,\pm)}(t)$
$A_{\check{N}}^{(ren,\pm)}(t)$ (22)





$A_{\overline{N}}^{(ren,\pm)}(t)$ (22) (23) $\mathcal{O}(\tau)$ “ ”
$\frac{d}{dt}A_{\overline{N}}^{(ren,\pm)}=\epsilon\sum_{\check{N}’}\delta_{n_{y},n_{y}’}R_{\overline{N},\overline{N}’}\frac{F_{\overline{N},\overline{N}’}^{(1)}}{\pm 2i\Omega_{\overline{N}’}}A_{\overline{N}}^{(ren,\pm)}$ . (24)
$\frac{d}{dt}A_{\overline{N}}^{(ren,\pm)}=\epsilon\frac{F_{\check{N},\overline{N}}^{(1)}}{\pm 2i\Omega_{\overline{N}}}A_{\overline{N}}^{(ren,\pm)}+\epsilon\sum_{\check{N}(\neq\overline{N})}\delta_{n_{y},n_{y}}$, $R$ .-. .-.. $\frac{F_{\overline{N},\overline{N}’}^{(1)}}{\pm 2i\Omega_{\check{N}’}}A_{\overline{N}}^{(ren,\pm)}$ , (25)
(25)
$\frac{d}{dt}A_{\overline{N}}^{(ren,\pm)}=\epsilon\frac{F_{\overline{N},\overline{N}}^{(1)}}{\pm 2i\Omega_{\overline{N}}}A_{\overline{N}}^{(ren,\pm)}$ ,
$A_{\overline{N}}^{(ren,\pm)}(t)=A_{\overline{N}}^{(ren,\pm)}(0) \exp(\epsilon t\frac{F_{\overline{N},\overline{N}}^{(1)}}{\pm 2i\Omega_{\overline{N}}})$ .
$\phi$ )E[ILJM $\ovalbox{\tt\small REJECT}_{V}y$ } $h$
$\emptyset(\epsilon, t, x, y, z)$ $=$
$\sum_{\overline{N}}S_{\overline{N}}(x, y, z)(A_{\overline{N}}^{(ren,-)}(t)e^{-i\Omega_{\check{N}}t}+A_{\overline{N}}^{(ren,+)}(t)e^{i\Omega_{\overline{N}}t})$
$\phi(\epsilon, t, x, y, z)$ $=$ $\sum_{\overline{N}}S_{\overline{N}}(x, y, z)A_{\check{N}}^{(ren,-)}(0)\exp\{(-i\Omega_{\overline{N}}+\epsilon\frac{F_{\overline{N},\overline{N}}^{(1)}}{-2i\Omega_{\overline{N}}})t\}$
$+ \sum_{\overline{N}}S_{\overline{N}}(x, y, z)A_{\overline{N}}^{(ren,+)}(0)\exp\{(i\Omega_{\overline{N}}+\epsilon\frac{F_{\overline{N},\check{N}}^{(1)}}{2i\Omega_{\overline{N}}})t\}$ .




$\phi(\epsilon, t, z, r, \theta)\in \mathbb{C}$
$\{\frac{1}{c^{2}}\frac{\partial^{2}}{\partial t^{2}}-\# d\# d+\mu^{2}\}\phi(\epsilon, t, z, r, \theta)=0$, (26)
\S 2 $c,$ $\mu$
$-\infty\leq t\leq\infty$ , $0\leq z\leq L$ , $0\leq r\leq a$ , $0\leq\theta<2\pi$ .
$\partial \mathcal{U}$
$\phi(\epsilon, t, z, r, \theta)|_{\partial \mathcal{U}}=0$ . (27)
$41^{\backslash }1$
$\phi$
$\phi(\epsilon, t, z, r, \theta)=\sum\sum\Phi_{N}(r, \theta)\sin\infty(\frac{\eta\pi}{L}z)A_{N,\eta}(\epsilon, t)$ ,
$\eta=1N$





$\emptyset(\epsilon,t, z, r, \theta)$ $=$ $\phi^{(0)}(t, z, r, \theta)+\epsilon\phi^{(1)}(t, z, r, \theta)+\epsilon^{2}\phi^{(2)}(t, z, r, \theta)+\mathcal{O}(\epsilon^{3})$ ,
$\phi^{(j)}(t, z, r, \theta)$ $;=$




$A_{\check{N}}^{(j)}(t)= \frac{1}{\mathcal{N}_{N}^{2}}\int_{\mathcal{D}}\overline{\Phi_{N^{\wedge}}}\# 1\frac{2}{L}\int_{0}^{L}dz\sin(\frac{\eta\pi}{L}z)\phi^{(j)}(t, z, r, \theta)$ . (29)
4.1
$\epsilon=0$
$\{\frac{1}{c^{2}}\frac{\partial^{2}}{\partial t^{2}}-\triangle^{(0)}+\mu^{2}\}\phi^{(0)}(t, z, r, \theta)=0$ , (30)
$\triangle^{(0)}$ (4) (8) (29) $A_{\overline{N}}^{(0)}$










$F_{\overline{N},\overline{N}’}^{(1)}:= \{-2(\frac{\eta’\pi}{L})^{2}\langle\kappa_{0}\}_{S_{7\}},S_{\eta’}}+\frac{\eta’\pi}{L}\langle\kappa_{0}’\rangle_{S_{\eta},C_{\eta’}}\}C_{N,N}^{(1,1)},$ $+\langle\kappa_{0}\rangle_{S_{\eta},S_{\eta’}}C_{N,N}^{(1,2)},$ , $\in \mathbb{R}$
$C_{N,M}^{(1,1)}$ $:=$ $\int_{\mathcal{D}}\overline{\Phi_{N}}\Phi_{M}r\cos\theta^{\wedge}\# 1=\pi(\delta_{m,n-1}+\delta_{m,n+1})\int_{0}^{a}drr^{2}J_{n}(\frac{x_{q(n)}}{a}r)J_{m}(\frac{x_{p(m)}}{a}r)$ , $\in \mathbb{R}$
$CN,’ 2)$ $.=$ $\int_{\mathcal{D}}\overline{\Phi_{N}}(\frac{\partial\Phi_{A’I}}{\partial\theta}\frac{\sin\theta}{r}-\frac{\partial\Phi_{M}}{\partial r}\cos\theta)\# 1\wedge$
$=$ $\pi m(\delta_{m,n-1}-\delta_{m,n+1})\int_{0}^{a}drJ_{n}(\frac{x_{q(n)}}{a}r)J_{m}(\frac{x_{p(m)}}{a}r)$




$:= \int_{0}^{L}dz\sin(\frac{rJ^{\pi}}{L}z)\sin(\frac{\eta’\pi}{L}z)f(z)$ , $\langle f\rangle_{S_{\eta},C_{\eta}},$ $;= \int_{0}^{L}dz\sin(\frac{\eta\pi}{L}z)\cos(\frac{\eta’\pi}{L}z)f(z)$ .
$C_{N,N}^{(1,1)}$, $C_{N,N}^{(1,2)}$, $\delta_{n^{l},n\pm 1}$ (32)
$\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum_{\overline{N}’}F_{\overline{N},\overline{N}’}^{(1)}A_{\overline{N}’}^{(0)}(t)=\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum$ $\sum$ $\sum F_{\overline{N},n’q’(n’),\eta’}^{(1)}A_{n}^{(0)}(t)$ .
$\eta’n’=n\pm 1q’(n’)$
(31) (32) (\S 7 )
$A_{\frac{1}{N}}^{()}(t)$ $=$ $\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum_{\eta’}\sum_{n’=n\pm 1}\sum_{q(n’)}\{R_{\check{N},\overline{N}’}F_{\overline{N},n’,q’(n’),\eta’}^{(1)}t(\frac{A_{\check{N}’}^{(0,-)}}{-2i\Omega_{\overline{N}}}e^{-i\Omega_{\overline{N}}t}+\frac{A_{\check{N}}^{(0,+)}}{2i\Omega_{\check{N}}}e^{i\Omega_{\overline{N}}t})$
$+N_{\overline{N},\overline{N}’}F_{\overline{N},n’,q’(n^{l}),\eta’}^{(1)} \frac{A_{\overline{N}’}^{(0,-)}e^{-i\Omega_{\overline{N}’}t}+A_{\check{N}’}^{(0,+)}e^{i\Omega_{\overline{N}’}t}}{\Omega_{\overline{N}}^{2}-\Omega_{\check{N}’}^{2}}\}$ , (33)
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$R_{\overline{N},\check{N}’}$ $N_{\check{N},\overline{N}’}$
$R_{\overline{N},\check{N}’}-=\delta_{\Omega_{\overline{N}},\Omega_{\overline{N}’}}$ , $N_{\overline{N},\overline{N}’}:=1-\delta_{\Omega_{\overline{N}},\Omega_{\overline{N}’}}$ .
$\mathcal{O}(\epsilon)$
$R_{\check{N},\overline{N}’}=1$
$\Omega_{n,q(n),\eta}=\Omega_{n\pm 1,q’(n\pm 1),\eta’}$ . (34)
$N_{\overline{N},\overline{N}’}=1$ $\mathcal{O}(\epsilon)$
$\Omega_{n,q(n),\eta}\neq\Omega_{n\pm 1,q’(n\pm 1),\eta’}$ .






$+3( \kappa_{0}(z)r\cos\theta)^{2}\phi^{(0)\prime\prime}+3\kappa_{0}(z)\kappa_{0}’(z)(r\cos\theta)^{2}\phi^{(0)}’-\kappa_{0}^{2}(z)r\frac{\partial\phi^{(0)}}{\partial r}\cos^{2}\theta+\kappa_{0}^{2}(z)\frac{\partial\phi^{(0)}}{\partial\theta}\cos\theta\sin\theta$ ,
$A_{\overline{N}}^{(j)}$
$\ddot{A}_{\overline{N}}^{(2)}+\Omega_{\overline{N}}^{2}A_{\check{N}}^{(2)}=\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum_{\eta’}\{\sum_{n’=n\pm 1}\sum_{q’(n’)}F_{\overline{N},\overline{N}’}^{(1)}A_{\check{N}}^{(1)}(t)+\sum_{n’=n,n\pm 2}\sum_{q(n}$ $F_{\check{N},\check{N}’}^{(2)}A_{\check{N}}^{(0)}(t)\}$ .
(35)
$F_{\overline{N},\overline{N}’}^{(2)};= \{-3(\frac{\eta’\pi}{L})^{2}\langle\kappa_{0}^{2}\rangle_{S_{\eta},S_{\eta’}}+3\frac{\eta\pi}{L}\langle\kappa_{0}\kappa_{0}’\rangle_{S_{\eta},C_{\eta’}}\}C_{N,N}^{(2,1)},-\langle\kappa_{0}^{2}\rangle s_{\eta},s_{\eta’}C_{N,N}^{(2,2)},+\frac{i}{2}n’\langle\kappa_{0}^{2}\rangle s_{\eta},s_{\eta’}C_{N,N}^{(2,3)},$,
$C_{N,N}^{(2,1)}$, $;=$ $\int_{\mathcal{D}}\overline{\Phi_{N}}\Phi_{N’}r^{2^{\wedge}}\cos\theta\# 1$
$=$ $\pi\{\delta_{n’,n}+\frac{1}{2}(\delta_{n’,n+2}+\delta_{n’,n-2})\}\int_{0}^{a}drr^{3}J_{n}(\frac{x_{q(n)}}{a}r)J_{n’}(\frac{x_{q’(n’)}}{a}r)$ , $\in \mathbb{R}$
$C_{N,N}^{(2,2)}$, $;=$ $\int_{\mathcal{D}}\overline{\Phi_{N}}\frac{\partial\Phi_{N’}}{\partial r}r\cos^{2}\theta^{\wedge}\# 1$
$=$ $\pi\{\delta_{n^{l},n}+\frac{1}{2}(\delta_{n’,n+2}+\delta_{n’},\cdot\cdot-2)\}\frac{x_{q’(n’)}}{a}\int_{0}^{a}drr^{2}J_{n}(\frac{x_{q(n)}}{a}r)J_{n},$ $( \frac{x_{q’(n’)}}{a}r)$ , $\in \mathbb{R}$
$C_{N,N}^{(2,3)}$, $:=$ $\int_{\mathcal{D}}\overline{\Phi_{N}}\Phi_{N’}\sin 2\theta\# 1\wedge$
$=$ $- \pi i(\delta_{n’,n-2}-\delta_{n^{l},n+2})\int_{0}^{a}drrJ_{n}(\frac{x_{q(n)}}{a})J_{n’}(\frac{x_{q’(n’)}}{a})$ . $\in i\mathbb{R}$
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(31) $A_{\overline{N}}^{(0)}(t)$ (33) $A_{\frac{1}{N}}^{()}(t)$ (35) $\epsilon$ 2
(35)
$\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum$ $\sum$ $\sum F_{\overline{N},\overline{N}’}^{(1)}[\frac{2}{L}(\frac{c}{\mathcal{N}_{N’}})^{2}\sum$ $\sum$ $\sum$
$\eta’n’=n\pm 1q’(n’)$ $\eta’’n’’=n’\pm 1q’’(n’’)$
$\cross\{R_{\overline{N}’,\overline{N}’’}F_{\overline{N}}^{(1)}t(\frac{A_{\overline{N}’’}^{(0,-)}}{-2i\Omega_{\overline{N}}}e^{-i\Omega_{\overline{N}’}t}+\frac{A_{\overline{N}’}^{(0,+)}}{2i\Omega_{\overline{N}’}}e^{i\Omega_{\overline{N}’}t})$
$+N_{\check{N}’,\overline{N}’’} \frac{F_{\overline{N},\overline{N}’’}^{(1)}}{\Omega_{\overline{N}’}^{2}-\Omega_{\check{N}’’}^{2}}(A_{\overline{N}’’}^{(0,-)}e^{-i\Omega_{\overline{N}’’}t}+A_{\check{N}’’}^{(0,+)}e^{i\Omega_{\check{N}’’}t})\}]$
$+ \frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum$ $\sum$ $\sum F_{\overline{N},\overline{N}’’}^{(2)}(A_{\check{N}^{J}}^{(0,-)}e^{-i\Omega_{\overline{N},\overline{N}’’}t}+A_{\overline{N}’}^{(0,+)}e^{i\Omega_{\overline{N},\overline{N}’’}t})$ ,
$\eta’’n^{ll}=n,n\pm 2q’’(n’’)$
$A_{\overline{N}}^{(2)}(t)= \frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum\sum$ $\sum F_{\overline{N},\check{N}’}^{(1)}\frac{2}{L}(\frac{c}{\mathcal{N}_{N’}})^{2}\sum$ $\sum$ $\sum$






$+A_{\check{N}’}^{(0,+)} \{R_{\overline{N},\check{N}’’}\frac{te^{i\Omega_{\overline{N}}t}}{2i\Omega_{\overline{N}}}+N_{\check{N},\check{N}’’}\frac{e^{i\Omega_{\overline{N}’’}t}}{\Omega_{\overline{N}}^{2}-\Omega_{\overline{N}’’}^{2}}\}]$ . (36)
1 $(\mathcal{O}(\epsilon))$ 2 $t^{2}$
(36) 2
$\Omega_{n,q(n),\eta}=\Omega_{n\pm 2,q’’(n\pm 2),\eta’’}$ . (37)









$\Omega_{n,q(n),\eta}$ $\neq$ $\Omega_{n\pm 1,q’(n\pm 1),\eta’}$ , for all $q’(n\pm 1),$ $\eta’$ and
$\Omega_{n,q(n),\eta}$ $\neq$ $\Omega_{n\pm 1,q’’(n\pm 2),\eta’’}$ , for all $q’(n\pm 2),$ $\eta’’$ ,
(ii)
$\Omega_{n,q(n),\eta}$ $\neq$ $\Omega_{n\pm 1,q’(n\pm 1),\eta’}$ , for all $q’(n\pm 1),\eta’$ , and
$\Omega_{n,q(n),\eta}$ $=$ $\Omega_{n\pm 2,q_{r}’’(n\pm 2),\eta_{r}’’}$ , for some particular $q_{r}’’(n\pm 2),$ $\eta_{r}’’$ , (38)
(iii)
$\Omega_{n,q(n),\eta}$ $=$ $\Omega_{n\pm 1,q_{r}’(n\pm 1),\eta_{r}’}$ , for some particular $q_{r}’(n\pm 1),$ $\eta_{r}’$ , and (39)
$\Omega_{n,q(n),\eta}$ $=$ $\Omega_{n\pm 2,q_{r}’’(n\pm 2),\eta_{r}’’}$ , for some particular $q_{r}’(n\pm 2),$ $\eta_{r}’’$ , (40)
$\Omega_{n,q(n),\eta}$ $=$ $\Omega_{n\pm 1,q_{r}’(n\pm 1),\eta_{r}’}$ , for some particular $q_{r}’(n\pm 1),$ $\eta_{r}’$ , and (41)
$\Omega_{n,q(n),\eta}$ $\neq$ $\Omega_{n,q’’(n\pm 2),\eta’’}$ , for all $q”(n\pm 2),$ $\eta’’$ , (42)
(41) (41)
$\Omega_{n,q(n),\eta}=\Omega_{n,q_{r}’’(n\pm 2),\eta_{r}’’}$ .




$\cross\{$ $\sum\sum$ $\sum F_{\overline{N},\check{N}’}^{(1)}\frac{2}{L}(\frac{c}{\mathcal{N}_{N’}})^{2}\frac{F_{\overline{N},\overline{N}}^{(1)}}{\Omega_{\overline{N}’}^{2}-\Omega_{\overline{N}}^{2}}+F_{\overline{N},\check{N}}^{(2)}\}]+(NT)$ ,
$\eta’n’=n\pm 1q’(n^{l})$
(43)
$F_{\check{N},\overline{N}}^{(2)}$ $C_{n,q(n),n,q(n)}^{(2,3)}\in i\mathbb{R}$ NT
















$\sum$ $\sum$ $\sum$ ,
$\eta’’n’’=n^{l}\pm 1q’’(n’’)$


















$A_{\overline{N}}^{(pol,-)}(t)$ $:=$ $A_{\check{N}}^{(0,-)}-i\epsilon^{2}t\Omega_{\overline{N}}^{(ren,2)}A_{\overline{N}}^{(0,-)}$ , (46)
$A_{\overline{N}}^{(pol,+)}(t)$ $:=$ $A_{\overline{N}}^{(0,+)}+i\epsilon^{2}t\Omega_{\overline{N}}^{(ren,2)}A_{\overline{N}}^{(0,+)}$ , (47)
$\Omega_{\overline{N}}^{(ren,2)}:=-\frac{1}{L\Omega_{\check{N}}}(\frac{c}{\mathcal{N}_{N}})^{2}[\sum_{\eta’}\sum_{n’=n\pm 1}\sum_{q(n’)}F_{\check{N},\overline{N}’}^{(1)}\frac{2}{L}(\frac{c}{\mathcal{N}_{N’}})^{2}\frac{F_{\check{N},\check{N}}^{(1)}}{\Omega_{\overline{N}’}^{2}-\Omega_{\overline{N}}^{2}}+F_{\check{N},\overline{N}}^{(2)}]$ . $\in \mathbb{R}$
$A_{\overline{N}}(\epsilon,t)$ $=$ $A_{\overline{N}}^{(0)}(t)+\epsilon A_{\check{N}}^{(1)}(t)+\epsilon^{2}A_{\check{N}}^{(2)}(t)+\mathcal{O}(\epsilon^{3})$
$=$ $A_{\overline{N}}^{(pol,-)}(t)e^{-i\Omega_{\overline{N}}t}+A_{\check{N}}^{(pol,+)}(t)e^{i\Omega_{\overline{N}}t}+\mathcal{O}(\epsilon^{3})+$ ( NT). (48)
\S 33
$\frac{d}{dt}A_{\check{N}}^{(ren,\mp)}$ $=$ $\mp i\epsilon^{2}\Omega_{\overline{N}}^{(ren,2)}A_{\overline{N}}^{(ren,\mp)}$ (49)
$\underline{}$ $A_{\overline{N}}^{(ren,\mp)}(t)$ $A_{\overline{N}}^{(pol,\mp)}(t)$ 4 (49) $\epsilon$





















































$\eta’n’=n\pm 1q’(n’)$ $\eta$ $n”=n’\pm 1q’’(n^{ll})$
$+ \epsilon^{2}\frac{2}{L}(\frac{c}{\mathcal{N}_{N}})^{2}\sum_{\prime}^{(res)}$
$\sum^{(res)}$
$\sum^{(res)}\frac{1}{\mp 2i\Omega_{\overline{N}}}F_{\overline{N},\overline{N}’’}^{(2)}A_{\overline{N}’}^{(ren,\mp)}$ . (54)
$\eta$ $n”=n’\pm 1q’’(n^{ll})$
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$\{M_{\check{N},\check{N}}^{(iii)},\}$ (ii) $\mathcal{O}(\epsilon^{0})$ $\mathcal{O}(\epsilon^{1})$
5
[2]
$\psi(\epsilon, t, x,y, z)\in \mathbb{C}$
$(i \hslash\frac{\partial}{\partial t}+\frac{\hslash^{2}}{2m}\# d\# d)\psi=0$, (55)
, $m\in \mathbb{R}+$ \S 2
$-\infty\leq t\leq\infty$ , $- \frac{L_{x}}{2}\leq x\leq\frac{L_{x}}{2}$ , $- \frac{L_{y}}{2}\leq y\leq\frac{L_{y}}{2}$ , $0\leq z\leq L_{z}$ .
$\psi(\epsilon,t, x, y, z)|_{\partial \mathcal{U}}=0$, (56)
$\mathcal{U}$ $\partial \mathcal{U}$ (55)
$m$ $\mathcal{U}$
$V(x, y, z)=\{\begin{array}{ll}0 (x,y, z)\in \mathcal{U}\infty (x, y, z)\in\partial \mathcal{U}\end{array}$
$\int_{\mathcal{U}}|\psi|^{2}\# 1=1$ . (57)
4
$\psi(\epsilon, t,x, y, z)=\sum_{\overline{N}}S_{\overline{N}}(x, y, z)A_{\check{N}}(\epsilon, t)$
,
(58)
$A_{\overline{N}}( \epsilon, t)=A_{\overline{N}}^{(0)}(t)+\epsilon A^{(1)}\frac{}{N}(t)+\mathcal{O}(\epsilon^{2})$,
$\psi(\epsilon, t, x, y, z)$ $=$ $\psi^{(0)}(t, x, y, z)+\epsilon\psi^{(1)}(t, x, y, z)+\mathcal{O}(\epsilon^{2})$ ,
$\psi^{(j)}(t, x, y, z)$ $;=$
$\sum_{\overline{N}}S_{\check{N}}(x, y, z)A_{\check{N}}^{(j)}(t)$
, $j=0,1,2,$ $\ldots$ ,
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$\overline{N}:=(N, n_{z})$ $S_{\overline{N}}$ \S 22.1
$A_{\overline{N}}$
$\epsilon$ (56)
(55) $\epsilon$ $\psi^{(j)}$ $\circ$ $A_{\overline{N}}^{(j)\text{ }}$
$A_{\check{N}}^{(j)}(t)= \frac{2^{3}}{L_{x}L_{y}L_{z}}\int_{-L_{x}/2}^{L_{I}/2}dx\int_{-L_{y}’ 2}^{L_{y}/2}dy\int_{0}^{Lz}dzS_{\overline{N}}(x, y, z)\psi^{(j)}(t, x, y, z)$ . (59)
5.1
$\epsilon$ $0$
$(i \hslash\frac{\partial}{\partial t}+\frac{\hslash^{2}}{2m}\triangle^{(0)})\psi^{(0)}(t, x, y, z)=0$, (60)
$\triangle^{(0)}$ (3) (6) (59) $A_{\overline{N}}^{(0)}$ }
$\frac{d}{dt}A_{\overline{N}}^{(0)}+\frac{i\hslash}{2m}\lambda_{\overline{N}}^{2}A_{\overline{N}}^{(0)}=0$ , $\lambda_{\check{N}}:=\sqrt{(\frac{n_{x}\pi}{L_{x}})^{2}+(\frac{n_{y}\pi}{L_{y}})^{2}+(\frac{n_{z}\pi}{L_{z}})^{2}}$.
$A_{\overline{N}}^{(0)}(t)=A_{\overline{N}}^{(0)}(0)$ exii $(- \frac{i\hslash}{2m}\lambda_{\overline{N}}^{2}t)$ , (61)
$A_{\overline{N}}^{(0)}\in \mathbb{C}$ $F$
-




$(i \hslash\frac{\partial}{\partial t}+\frac{\hslash^{2}}{2m}\triangle^{(0)})\psi^{(1)}=\frac{-\hslash^{2}}{2m}(2x\kappa_{0}(z)\frac{\partial^{2}\psi^{(0)}}{\partial z^{2}}+x\kappa_{0}’(z)\frac{\partial\psi^{(0)}}{\partial z}-\kappa_{0}(z)\frac{\partial\psi^{(0)}}{\partial x})$ ,
$\frac{d}{dt}A_{\frac{1}{N}}^{()}+\frac{i\hslash}{2m}\lambda_{\overline{N}}^{2}A_{\check{N}}^{(1)}=\frac{i\hslash}{2m}\sum_{\overline{N}’}\delta G^{()_{\overline{N}’}}$ . (62)
$G_{\frac{1}{N}}^{()_{\overline{N}’}}=- \langle x\rangle_{S_{nx},S_{n_{x}’}}^{(x)}\{2(\frac{\pi n_{z}’}{L_{z}})^{2}\langle\kappa_{0}\rangle_{S_{?1},S_{n_{z}’}}^{(z)_{z}}-\frac{\pi n_{z}}{L_{z}}\langle\kappa_{0}’\rangle_{S_{n},C_{n_{z}’}}^{(z)_{z}}\}$ , $\in \mathbb{R}$
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$\langle\cdots\rangle^{(.\cdot.\cdot\cdot)}$ (16) (17) (18)
(61) (62)
$A_{\frac{1}{N}}^{()}(t)$ $=$ $\sum_{\overline{N}}\delta_{n_{y},n_{\tau y}’}\{R_{\overline{N},\check{N}},G^{()_{\overline{N}’}}\frac{1}{N},\frac{i\hslash}{2m}tA_{\overline{N}}^{(0)}(0)\exp(-\frac{i\hslash\lambda_{\overline{N}}^{2}}{2m}t)$
$+N_{\overline{N},\overline{N}’}G_{\check{N},\overline{N}’}^{(1)} \frac{A_{\check{N}’}^{(0)}(0)}{\lambda_{\overline{N}}^{2}-\lambda_{\overline{N}’}^{2}}\exp(-\frac{i\hslash\lambda_{\overline{N}’}^{2}}{2m}t)\}$, (63)
$R_{\overline{N},\check{N}’}$ $N_{\check{N},\overline{N}’}$





$A_{\check{N}}^{(pol)}(t);=A_{\dot{N}}^{(0)}(0)+ \epsilon t\frac{i\hslash}{2m}\sum_{\overline{N}’}\delta_{n_{y},n_{y}’}R_{\overline{N},\overline{N}’}G^{()_{\check{N}’}}\frac{1}{N},A_{\overline{N}}^{(0)}(0)$ . (64)
4








$A_{\overline{N}}^{(ren)}(t)=A_{\overline{N}}^{(ren)}(0) \exp(\epsilon t\frac{i\hslash}{2m}G_{\check{N},\overline{N}}^{(1)})$ .
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$\psi$
$\psi(\epsilon, t, x, y, z)$ $=$
$\sum_{\overline{N}}S_{\overline{N}}(x. y, z)A_{\overline{N}}^{(ren)}(t)\exp(-\frac{i\hslash}{2m}\lambda_{\overline{N}}^{2}t)+$ ( NT)
$=$
$\sum_{\overline{N}}S_{\overline{N}}(x, y, z)A_{\overline{N}}^{(ren)}(0)\exp\{\frac{i\hslash}{2m}(-\lambda_{\check{N}}^{2}+\epsilon G_{\frac{1}{N}}^{()_{\overline{N}}})t\}+$ ( NT).
$E \psi=i\hslash\frac{\partial}{\partial t}\psi$ ,















$\ddot{A}+\Omega^{2}A=(\alpha_{1}^{(-)}t+\alpha_{0}^{(-)})e^{-i\Omega t}+(\alpha_{1}^{(+)}t+\alpha_{0}^{(+)})e^{i\Omega t}$ , (66)
$\ddot{A}+\Omega^{2}A=(\beta_{1}^{(-)}t+\beta_{0}^{(-)})e^{-i\Omega’t}+(\beta_{1}^{(+)}t+\beta_{0}^{(+)})e^{i\Omega’t}$ , (67)
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$t$ $\alpha_{j}^{(\pm)},$ $\beta_{j}^{(\pm)}\in \mathbb{C}$ $\Omega,$ $\Omega’(\neq\pm\Omega)\in \mathbb{R}$
(66)
$A(t)= \{\frac{\alpha_{1}^{(-)}}{-4i\Omega}t^{2}+(\frac{\alpha_{0}^{(-)}}{-2i\Omega}+\frac{\alpha_{1}^{(0)}}{4\Omega^{2}})t\}e^{-i\Omega t}+\{$$\frac{\alpha_{1}^{(+)}}{4i\Omega}t^{2}+(\frac{\alpha_{0}^{(+)}}{2i\Omega}+\frac{\alpha_{1}^{(0)}}{4\Omega^{2}})t\}e^{i\Omega t}$ .
(67)
$A(t)=$ $\{\frac{\beta_{1}^{(-)}}{\Omega^{2}-\Omega^{2}}t+\frac{\beta_{0}^{(-)}}{\Omega^{2}-\Omega^{\prime 2}}+2i\Omega’\frac{\beta_{1}^{(-)}}{(\Omega^{2}-\Omega^{2})^{2}}\}e^{-i\Omega’t}$
$+ \{\frac{\beta_{1}^{(+)}}{\Omega^{2}-\Omega^{\prime 2}}t+\frac{\beta_{0}^{(-)}}{\Omega^{2}-\Omega^{r2}}-2i\Omega’\frac{\beta_{1}^{(+)}}{(\Omega^{2}-\Omega^{2})^{2}}\}e^{i\Omega’t}$ .
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